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In the present work we introduce the generalized difference operator A , on the se-

quence space lp (1< p<). The operator A, on lp is defined by Aax:(anxn —a,_1X, 4 )::0
with x_; =a_, =0, a, = a(= const) for n>ny, ny-fixed natural number. In this work, it
is shown that A, : 1 » / yisa linear bounded operator and the spectrum of the operator
A, over the sequence space | » has been determined.
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1. Preliminaries, background and notation
By B(X ), we denote the set of all linear bounded operators acting from Banach space

X into itself. Let X = {0} (6 is a zero element of X ) be a complex normed space
and consider a linear operator T : D(T)— X with domain D(T)c X . With X, we
associate the operator

r, =T - A1
where A is a complex number and I is the idendity operator on D(T'). If T, has an
inverse, we denote it by 7', 1, that 1s

T =(T-A)",
and call it the resolvent operator of 7. By aregular value A of T is meant a complex
number such that T, ! exists, is bounded and is defined on a set which is dense in X .
The resolvent set o(T, X ) of T is the set of all regular values A of T . Its
complement o(T,X)=C\ p(T, X) in the complex plane C is called the spectrum of

T.
By w, we denote the space of all real or complex valued sequences. Any

vector subspace of w is called a sequence space. We write lp (1< p <) for the

space consisting of all p —absolutely summable sequences, i.e.
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with norm
o p)p
b, = Zpo”
2 n=0
and /,,, ¢( and ¢ for the sequence spaces of all bounded, null and convergent, re-
spectively, and bvp (1 < p < 00) is the space consisting of all sequences (xn) such
that (x,, — x,,41 ) isin Iy.
Let @ u [ be any sequence spaces and 4 = (ank) be an infinite matrix of
real or complex numbers a,,; , where n,k € N = {0,1,2,...}. Then we say that 4 de-
fines a matrix mapping from ¢ into £, and denote it by writing 4: o — £, if for

every sequence x = (xk)e o the sequence Ax = {(Ax)n }, the A4 - transform of x, is

in [, where

(4x), :%ankxk,(n EN).

For simplicity in notation, here and in what follows, the summation without
limits runs from o to oo .

We introduce the operator A , on some sequence space A € w as follows,
A, A — A is defined by

Agx= Aa(xn): (anxn —ap-1¥p-1 )Z):o

with x_, =a_; =0, a, = a(= const) for n>n,, n,-fixed natural number.
The fine spectrum of the difference operator A over the sequence spaces c
and ¢ are determined by Akhmedov and Basar [1] and B.Altay and F Basar [21B.de

Malafosse [3] computed the spectrum of the difference operator on s, . Akhmedov
and Basar have determined the fine spectrum of the difference operator on the space

bv,(1< p <o)
Note that the sequence space bv , Wwas introduced and studied by Altay and
Basar [4] The continuous dual of bvp determined by Akhmedov and Basar [5] In

this work they have determined the norm and fine spectra of the operator A on the
space bv , - Stivastava and Kumar [6] have recently introduced the operator A, on

the sequence space c:

Ay e =g,
Ayx=A, (xn): (ann ~Vn-1¥n-1 );):0
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with x_; =0, v= (vn) be either constant or strictry decreasing sequence of positive

real numbers satisfying

lim v;; =L >0 and
n—>n

supv, <2L.

n
They have determined the fine spectrum of the operator A, on the space c(y. Note that

the results of [6] for the constant v; one can get very casy from work [2]
In this work, our purpose is to show that A, € B (l p) and to investigate the

fine spectrum of the operator A, on /, (1< p <o0).

2.The fine spectrum of the operator A, over the sequence space lp (l < p< OO)
In this section we shall show that A, € B (I p) and examine the fine spectrum

of generalized difference operator A, on space /, (1< p<oo).
Theorem 2.1. A, :/, — [, alinear bounded operator and
A <2d,, (1)

a@.

Proof. If x = (xn ) € lp , one can calculate that

o,

2

where d, =max| max ‘aj
0<j<ny-1

0 p

aX|; = ApXp — Ap-1¥p-1
ot = 3} |

n
Therefore, we obtain that

||Aax||11; S|a0|1’|x()|pJr217—1[|al|1’|xl|l’ +|aO|P|xO|P)+...
ot 2”_10%0 —1‘p‘xnu —l‘p +‘“nu —2‘p‘xnu —2‘pj+

-1 p p b D -1y |p p p
L (T A Y e s e

p

>

p

PXEED)

p
<2? maanU ,

p p
af sl o Il )
This completes the proof.

Theorem 2.2.

o(A,,l,) :{ﬂ:‘l—é
a

< I}U {ao,al,...,ano_l}.
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Proof. Let y= (yk)e [, and solve the equation (A, —ﬂl)x:y,

One can calculate that

where y =(y,)el, .

1
Xy = ,
0 a _ﬂyo
‘- a, N 1
R Ty S R
.o a,a, N a, 1
a2 @-Da-n @A
B aa,..a, aa,..a,
xno = y[] + yl
(@@ D)y~ D@D (@A~ D)., ~Da—2)
anﬂ 1 1
TN A d AT
aya,..a, -a aa,..a,  -a
Xl — W T ot
(@ D@~ D)y, D@ (@D, 2.~ Da—2)
+Ly +———y
((1 _ﬂ)] K - 1p+1>
4a,..a, " aa,..a, -a*
xnﬂ*'k - k+1 yU Fel Y +
(@~ @, 2., , ~ Da—A) (@~ D).y~ Aa—2)
+ a +—
(a _/,L)ynu—l _/,Lynu+k’
In order to show that (x, )&/ »» it 1s sufficient to prove that
© p
Z Xpok| <O (2)
k=1
From the representation of x, ,, we can get
p-l a,..a, g -|a|kp
Zk:‘xﬂzﬁk EEIRYERY ( » o » Gy ol
" a —Zj ...‘ano_l—ﬂ -|a —4
‘al...ano 1‘ |a| |p | |kp | |p |
|a_ﬂ'|(k+1)p yno+k—1 yn°+k

ﬂ|<k+1>p |y 1

+ p
|a, —ﬂ.lp...‘anﬂ_l —4 -|a -
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Using the method of [1] in last inequality one can show that the series (2) converges

and also (x,) €/,,if >1 or |a—/1|>|a|and A#a;, j=0L..,n;-1

A
1-Z
a
That is to say that the inclusion

O'(Aa,lp)c {/1 ; ‘l—i
a

< I}U {au,al,..., an0-1} 3)

holds. Conversely, suppose that A ¢ O'(Aa,l » ) Then (A, — A )_1 € B(l » ) Since the
(Aa —ﬂ)_l -transform of the unit sequence e, =(1,0,0,...,) is in lp , we have

|ﬂ— a| > |a| and A#a;,j=0,,,.,n, —1 This lead us to the inclusion
Wila-A<ldJr#a,. =010 ~1jc aa,.1,) @

Combining the inclusions (3)and (4) we obtain the desired result. This com-
Pletes the proof.

Now in order to find the norm of the operator A, acting on the sequence
space [ p» We wish to define the spectral radius of a bounded linear operator, which
is needed in the proof .

The spectral radius r(A) of an operator 4 € B (X ) on complex Banach space

X 1is the radius of the smallest closed disk centered at the origin of the complex
A—plane,ie.,
r(A4) = sup|4,
Aeoa(4,X)
and containing G(A,X), (see [7], p. 378).
It is obvious that

r(4)< |4 )

Theorem 2.3.

alg, 1,) = 2da
Proof. From theorem 2.2 it follows that r(A a ) =2d,

Besides this, by (1) and (4) we obtain that

A =2,

| A”(lp’lp )
as desired. This step completes the proof.
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Iy (1< p <o) FOZASINDA UMUMILOSMIS A, FORQ OPERATORUNUN
SPEKTRI HAQQINDA

O.M.OHMODOV

XULASO

Isda / p (l <p< OO) ardicilliglar fazasinda tosir edon yeni A , imumilogmis forq opera-
toru daxil edilmigdir. A , operatoru agagidaki kimi tosir dir:
Ax=(a,x,—a, x _)0,,x=(x,),x,=a_=0,a, = a(= const )
n > ny, 1y -mivyyasn natural adaddir.

Isdo A, : / » / » operatorunun xatti mohdud olmasi va spektri toyin olunmusdur.

O CIIEKTPE OBOBII[EHHHOT'O JIP®EPEHIIUAJIGHOT'O OITEPATOPA
A, BIIPOCTPAHCTBE /(1 < p < )

AM.AXMEJOB
PE3IOME
B paGore BBOAMTCA HOBBIH OIlepaTOp Aa , JEHCTBYIOI[HH B IIPOCTPAHCTBE
/ p (l <p< OO). Ormepatop A, B pocTpaHCcTBe / » ONPENENAETCA CIIENY OLHM obpazoM:
Ax=(a,x,—a, x,,),  .x=(x,),x,=a,=0,a, =a(= const )

A n>n,, By - QUKCHpOBaHHOE HaTypajbHOE 4YHCJI0. B paGoTe foKasbIBaeTcs, YTO

Al » /  ABIAETCA JIHHEHHBIM OTPaHHYCHHBIM oriepaTopoM. Takke HaXOZTCA CIIEKTP

orepatopa A B l'lpOC’IpaHCTBelp.
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